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Abstract. Let M be a closed Riemannian manifold with a parallel 1-form Q. We prove two 
theorems about the curve shortening flow in M. One is that the curve shortening flow Ct in 
M exists for all t in [0, oo), if it satisfles n(T) > on the initial curve Co- Here T is the 
unit tangent vector on Co- The other one is about the convergence. It says that in a closed 
Riemannian manifold M, assume the curve shortening flow Ct exists for all t £ [0, oo) and its 
length converges to a positive limit, then lim maxcf | V^Ap = for all m = 0, 1, ■ ■ • . Here A 



denotes the second fundamental form of Ct in Af. 



Introduction 

We use V denote the Levi-Civita connection of a Riemannian manifold . A 1-form ft is called 
parallel if VfJ = 0. In this paper we consider the long time existence and the convergence of the 
curve shortening flow in the Riemannian manifold with arbitrary codimension. More precisely, the 
curve shortening flow Ct is given as the solution of the follow equation: 

(0.1) { dt 

Here H = VtT is the mean curvature vector of Ct in the ambient Riemannian manifold. 

The evolution of closed curves under (jO.ip has received considerable study. For example. Gage 
( |Gag84) ), Gage- Hamilton ( |GH86| ) and Grayson ( |Gra87j ). considered the evolution of the con- 
vex curve flowed by the mean curvature in the plane. Furthermore, Grayson f jGra89| ) generalized 
the results into the case on the embedded closed curve of Riemannian surfaces. Huisken f |Hui98| ) 
and Andrews-Bryan f [ABll| ) used the technique of distance comparison to investigate the curve 
shortening flow on the plane. For the mean curvature flow of the submanifolds with codimension 
k > 2, Andrews-Baker ( AB^IO ) proposed a machinery about the evolution of the second fun- 
damental form A with arbitrary codimension. They also obtained the convergence of the mean 
curvature flow for the submanifold pinched to sphere in Euclidean space. More recently, with 
an integral curvature condition ([KFLZIO ) and a pinched condition in hyperbolic space form 
( [KFLZllj ) Liu, Xu, Ye and Zhao also proved two extension theorems for the mean curvature 
flow of the submanifold with high codimension. Smoczyk's survey (^ |Smol2] ) is a good reference. 

In a different direction, Wang ([Wan02 ) initialized a way to use parallel n- forms ft, n > 
2, to investigate the graphic mean curvature flow for arbitrary codimension (> 2) in product 
manifolds. With the evolution equation of *rt, (* is the Hodge dual), Wang obtained its long-time 
existence and an estimate of its second fundamental form along the mean curvature flow. Moreover, 
Wang and his coauthors generalized the results of graphic mean curvature flow into other settings 
f |MWllj . [TW(M) . [WanOT] . |SW02) .V Both of f jABlOj 'l and (; |Wan02j ^ did not consider the 
case of the curve shortening flow, which is the topic of this paper. 
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There are two special properties about the curve shortening flow whose codimension in its 
ambient manifold is greater than 1. First the embeddedness of the evolving curve is not necessarily 
preserved ( |Alt91j ). Therefore, we only consider the case of the immersed curve. On the other 
hand, \H\'^ = \A\'^ . Based on this fact, we can overcome the barrier that the curve shortening flow 
has arbitrary codimension. This makes many computations possible, especially in Section 2. 

Now let us state two main theorems: 

Theorem 0.1. Let M he a closed Riemannian manifold, and be a parallel 1-form in M. If Cq 
is a closed curve satisfying fl(T) > on Cq. Here T is the unit tangent vector on Cq. Then the 
curve shortening flow Ct in (jO.ip exists for all t in [0,cxd). 

Corollary 1. Let {N,g) be a closed manifold, du^ is the canonical metric on . Assume M — 
X N is the product manifold with the product metric g — g + du^ . Let fl = du, which is a parallel 
1-form in M. Cq is a closed curve in M. If the unit tangent vector T of Cq satisfies ^{T) > 0, the 
curve shortening flow Ct in (10. 1|) exists for all t in [0,oo). 

Remark 0.1. Corollary [T] can be viewed the 1-dimension version of Theorem A in ( |Wan02] ). The 
existence result here with fl{T) > is stronger than that of graphical mean curvature flow with 
> 5 in ( [Wan02j ). It also can be compared with the results of Tsui- Wang ([TW04j) if we 
choose iV = 5". 

Now we consider the convergence of the curve shortening flow in any closed Riemannian man- 
ifold. Notice that we do not require there is a parallel 1-form in the ambient manifold. The 
convergence of the curve shortening flow in the C°° sense can be stated as follows. 

Theorem 0.2. Let M be a closed manifold. If the curve shortening flow Ct in M exists for all 
t G [0, oo) and the length of Ct converges to a positive number, lim maxcj |V™A| — for all 

f oo 

m = 0, 1, • • • . 

Remark 0.2. The deflnition of V™A is very subtle. In ( |Hui84j . }Hui86] ) . Huisken's definitions 
about V™A only work in the hypersurface's case. Andrews-Bakers ( jABlOj ) gave a rigorous 
definition of V™ A for any mean curvature fiow with arbitrary codimension in Riemannian manifold. 
The basic idea is that |V™A| can contain all information about the mean curvature fiow. Namely, 
when jV^Aj goes to when t goes to infinity, the mean curvature fiow Ft will converge to a 
geodesic submanifold in some natural sense. For example, one of these cases is that Ft has long 
time existence and always stay in a compact region of its ambient Riemannian manifold. We will 
state the deflnition of V™A in Section 2. 

Remark 0.3. The condition that M and M are closed is not essential. We take them only for the 
sake of the exposition. In Theorem 10. ![ what we really need is that for all flnite time t, the curve 
shortening flow Ct is in a compact region in M, which can depend on time t. In Theorem 10. 2| we 
can only require that all covariant derivatives of the Riemann tensor in M are uniformly bounded. 

Outline of this paper. In section 1, we give two examples to illustrate our motivations of using 
parallel form to investigate the curve shortening fiow. In Section 2, we give the definition of V^A. 
Then we derive the evolution equations related to the second fundamental form A (lemma 12.21 
and lemma [273)) . With those equations, we derive the evolution equation of f2(T) for any 1-form 
f2 along the curve shortening flow flemma l2.4p . In particular, when f2 is a parallel 1-form, this 
evolution equation states that the lower positive bound of 0,{T) can be preserved along the curve 
shortening fiow. In section 3, we prove Theorem 10 . 1 1 by using the results from section 2. In section 
4, with Grayson's idea ( |Gra89| ). we prove Theorem 10.21 



Notation. We collect some geometric quantities and facts used later. 
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(1) C{u, t) denotes the solution of (|0.ip . ^ and ^ are the abbreviations of (^) and (^) 
respectively. 

(2) V is the Levi-Civita connection, dv? is the canonical metric on . 

(3) Let R denote Riemann curvature tensor, given by i?(X, Y) = Vy Vx — VxVy + V[x,f]- 

(4) Let s be the arc-length parameter of a curve C. Its unit tangent vector T is equal to 

d_ ^ c,i^) 

''^ <c,(-^),c,(-^)>7' 

(5) i? = ^ = i(r,Tj'= VtT. = |i?|2. 

(6) For a curve C, \H\'^ = \A\'^ =< VtT, VtT >. All curves in this paper are closed. 

Acknowledgements. The author would like to thank Professor Zeno Huang for suggesting the 
problem, and for many helpful discussions and encouragement, and Professor Yunping Jiang for his 
interest and suggestions. This work is completed while the author is partially supported, as a stu- 
dent associate, by a CIRG award #1861. The author is also indebted to Xiangwen Zhang, Longzhi 
Lin and Andy Huang. These discussions with them greatly help to simplify the computations in 
this paper. 



1. The Examples about Parallel form 

In this section we use two examples to illustrate the motivations that we choose parallel 1-form 
f2 to investigate the curve shortening flow. The first one is the graphic mean curvature flow in the 
product manifolds ( |Wan02] ). Based on this, we can use Wang's idea ( |Wan02] ) about parallel 
form to propose a problem about the open curve shortening flow in 

Example 1 (graphic mean curvature How). In ( jWan02| ). Mu-Tao Wang initialized a way to 
use parallel form to deform a map along the mean curvature flow in product manifolds. The basic 
setting is as followed; Let A^i, N2 be closed manifolds with constant sectional curvatures, dimension 
> 2. / is a smooth map from A^i to N2. Let F{p, t) : Ni x [0, q) ^ Ni x N2 satisfies the following 
equation. 

(1.1) <^ at 

[F{p,o) = ipjip)y, 

Let SI be the volume form of iVi, which is parallel in the product manifold iVi x N2. Together 
with some technical conditions about the sectional curvature of Ni and N2, Wang ( |Wan02j ) 
obtained that ii *n > ^ at the initial manifold, the evolution equations of *ri indicates the long 
time existence of the solution in (|l.ip . 

Example 2 (open curve shortening flow) . In this example, we propose a question about open curve 
shortening flow in Cq in R^^p is defined by 

(1.2) Co:R'^R'+P and Coix) = {x, h{x), ■ ■ ■ , fp{x)); 
Let \Df\^^j:^.(f:{x))'. Then, 



T : 




1 



2 ' 



Let il — dxi. Again f2 is a parallel 1-form. On Co, ^{T) ~ y/i+\Df\^ ' lemma [2761 if Ct 

exists for t £ [0,q), then ri(T) on Ct satisfies 

^f7(T) = A'^'S](T) + \A\^n{T) 
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Here A is its second fundamental form. Recall that with *il > ^ in the initial data, Wang 
( [Wan02| ) answered the long time existence of graphic mean curvature flow positively. Naturally 
if we assume that Cq satisfies 51 (T) > 5 > 0, does the curve shortening flow Ct in (10. ip exist for all 
t £ [0, oo)? If it exists, can we give any description about the convergence of this curve shortening 
flow in 

Remark 1.1. The above examples reflect our basic perspectives about the parallel form and the 
mean curvature flow. (j2.6p and p.3p are some possible evidences to support these connections 
between them. p.6|) can be viewed as a generalization of Wang's graphical mean curvature flow 
( [Wan02| ) in the curve's case. p.3|) indicates that fi = be thought as the gradient function 
([EH89') in the case of the curve shortening flow. There are no any oblivious connections between 
(pVan02 ) and ([EH89 ). For the curve shortening flow, however, (13. 3p and (|2.6p are two different 
forms of the same evolution equation. 

2. Evolution Equations 

We derive the evolution equations of the curve shortening flow. Generally, the forms of those 
equations are very complicated for the mean curvature flow whose dimension and codimension are 
both > 1. (^ |AB10| . |Wan02j ) 

2.1. Definition of V'"j4. We briefly state the definition of V™A which can be found in ( jABlO] ). 
Assume M is a Rieniannian manifold with the Levi-Civita connection V, is an immersed sub- 
manifold of M. Suppose / is a real interval, then the tangent space T{N x /) splits into a direct 
product H (E) Rdt, where H = {u E T{N x /); dt{u) — 0} is the "spatial" tangent bundle. 

We consider a smooth map F : N x I ^ M which is a time-dependent immersion, i.e., for each 
fixed t G I, F{,t) : N ^ AI is an immersion. F*TM is a vector bundle over N x I. We can define 
a metric gp and the connection on F*TM by the pull-back from (V,g) on M. Let N be the 
orthogonal complement of Ti. in F*TM. We denote the -k^tt-^ be the orthogonal projections from 
F*TM onto "H and Af respectively. The connections and are given by. 

For a tensor K e r{n* "H* N). We have to define W'K e r(«)"'+2-H* (E) N) by induction on 
m. Let uq, Ui,i — 1,2,3, ■■■ ,m + 1, then W^K and W o_W™K are given by 

m+l 

1=1 

m+l 

Vj,(v'"if)K,^^i,--- ,«m+i)=-^Vj^(v™i^(wo,--- V V"i^(--- ,«VjLHfe,---); 

ot ot I * ot 

fc=0 

2.2. The Evolution Equations for the Curve Shortening Flow. For the curve shortening 
flow Ct in dnU), we define a new tensor R e Tin* (^H* 07V) by R{T, T) = R{T, H)T. We also have 
the definition of V^i?. Since A G r(H* ®N), with the definitions in the previous subsection, 
we can obtain a theorem about the evolution equation of A from equation (18) in f [AB10] l. 

Theorem 2.1 (Andrews-Baker). For the curve shortening flow Ct, the evolution equation of 
Air, T) is given by 

(2.1) V A{T, T) = VTVTA(r, T) -I- \A\'^H + R{T, T); 
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Recall that S *T ( |Hui84j ) means any linear combination of tensors formed by contraction on 
S and T. (PH can be rewritten as Va_A = V^A + y2A* A* A + R{T,T). This form can be 

dt 

generalized into any m-th covariant derivative A for the curve shortening flow Ct ■ 
Lemma 2.2. The evolution equation of m-th covariant derivative A is of the form. 
(2.2) V aV"'A = V"'+^A+ y V'A*V^A*V''A + V'"R{T,T); 

Proof. We prove the lemma through the induction on to. The case to = is given by ()2.ip . Now 
suppose the results hold up to fc < to — 1. In f jHui84] ). the time derivative of the ChristofFel 
symbols r*^, has the form A * WA. Therefore we obtain, 

V a V'"A = V(V V^-^A) + V™-M *A*\/A; 

TSt ^ TJt ' 

= V{V'"+M)+ Y VM* V^'yl* V'=A + V™~i-R(T,r)} 

i-\-j'\-k—m— 1 

+ \/"'-^A * A * VA; 

i-\-j-\-k—m 



Moreover, we obtain the evolution equations of | V™^p, to = 0, 1, • • • ,. 
Lemma 2.3. The evolution equations o/|V'"^p are given by 

(2.3) ^l^p = A^* |^|2 _ 2|VA|2 + 2|A|4 + 2i?(T, H, T, H); 

(2.4) i+j+k=m 

+ 2 < V™^(r,r),V™^ > for TO>1; 
Proof. We differentiate |V'"ylp with respect to t. For to = 0, 

^|A|2 = 2< V^A(r,T),A(T,r)>; 

= 2 < V^A{T, T) + \A\^H + i?(T, H)T, A{T, T) >; 

Since A{T, T) = H 

= A'^* |Ap - 2| VAp + 21^1-* + 2R{T, H, T, H); 

For TO > 1. 

|-|V"M|2 = 2 < VjlV^A, V"M >; 

'i+j+A;— m 

= A'^'|V"Ap-2|V™+iA|2+ Y * A * V'^A * V™A+ 

+ 2 < V'"i?(T,r),V'"A >; 



Now we derive the evolution equation of il{T) along the curve shortening flow Ct 



□ 



□ 
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Lemma 2.4. Let Q be a 1-form in a Riemannian manifold M , s be the arc-length parameter of 
Ct- Let A''' = be the Laplace operator on Ct, and T — be the unit tangent vector. Thus we 
have 

(2.5) ^^(T) = A'^mm + lAl^nm ~ V'^n(T, T, T) - 2Vn(r, VtT); 
at 

In particular, if is parallel in M , we obtain 

(2.6) ^n[T) = A^'n{T) + \A\^n[T)■ 
Proof. Recall T = ^^^^ r and 4 = i?. And 



g <Vc.(j>)(C.(|r)),a(|r)> 

(2.7) *^dJ <a(A),a(|,)>i ' 

^ 9 <Vc,(jL)(i?),C.(|r)> 

*^dJ <aifj,c4l)>i ' 

Therefore, the relation of V o_T and VtSj is given by 

dt 

(2.8) V^T-Vr^-IApT; 



A'^'17(r) = T(f](VTT) + V17(r,T)); 

(2-9) d d 

= ^^(Vt^) + ^^igl^T) + V^n{T, T, T) + 2Vr!(r, VtT); 

The i-derivative of VL{T) 
(2.10) 

^f](VT|) + |A|2f7(r) + Vn(|,r); 

Therefore, (1^ and (P?TU1) lead to the lemma. □ 

Remark 2.1. It's easily checked mincti^ is a Lipschitz function of i, and mincti^{T) is differentiable 
with respect to t almost everywhere. When f2 ia a parallel 1-form in M, fi(T) > for i e [0,qo). 
For A''*f2(T) > for the points which attain the minimal value of ^{T), for a.e t e [0, go) we have 
the following: 

—mincM{T) > lAl'^mincMm > 0; 
dt 

This implies that minct^{T) is nondecreasing along the flow. Then Vl{T) > Sq will be preserved 
whenever the curve shortening flow exists. 
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3. Long time existence 

With the evolution resuhs in the previous section, we prove Theorem 10.11 The short time 
existence of Ct is from the short time existence of solution of the quasilinear parabolic equation 
for closed initial data. It's well known that if the mean curvature flow Ft of the hypersurface in 
Euclidean space exists for only finite time interval [0,g), maXFt\A\ — > oo when t approach to q 
( (Hui84| ). For the submanifold in Euclidean space with high codimension, such kind of lemma is 
proved by Andrews-Baker f |AB10] V For the curve shortening flow's case, we give the proof of the 
following lemma only for the sake of completeness. 

Lemma 3.1. Let M he a Riemannian manifold. If the curve shortening flow Ct in M exists for t 
in the maximal finite interval [0,q), then maxct\A\'^ — > oo ast^q. 

Proof. If the lemma is false, there exists a constant C4 < oo such that maxct \A\ < C4 for t S [0, q). 
It follows that for all u G and ^1,^2 G [0, q). 

dist{CtAu),Ct,{u)) < I J Hdt\ < C4\ti-t2\; 
tl 

d 
di 



dst > -C4 / dst; 

Ct JCt 



Therefore, Ct converges uniformly to some continuous limit Cq{u) and the length Ict > S > for 
t e [0,(7). We want to show that Cq{u) actually represents a smooth limit curve. Then we can 
extend the flow Ct over time q. It's a contradiction to the maximal finite interval in the assumption. 
By (|2.4p . we are led to 

-^IV'Mp < A'^'|V"A|2-2|V"+MP + C™ V \y'A\\V^A\\V''A\\V"'A\ 
at ^-^ 

^D^Y. |V-'A||V'"A| + C™|V"M|; 

By Cauchy inequality, we have the follows. 

|V"M|2 < mzncjV^Apdsi + / ^\^"-Afdst; 

Jct 9s 

(3.2) <T- f |V"Mpdst + 2 / < V"M, V™+M > dsf, 

ht J Jct 

<(i + 2) J |V'"A|2dst + 2^ |V"+M|2dst; 

If Ct satisfies jV^Aj < Cm for all t < q, then Cq is a smooth curve. From our definition about 
V™y4., the proof of this fact is classical but a little tedious. Therefore we omit it here. For the 
Euclidean case, please refer to the proof of Theorem 3 in ( jAB10| ). 

By (l3?2l) . we have to prove that /^^ |V™Apdst < Cm for all m. We argue | /^^ V"'Adst\ < Cm 
by induction on m. If it holds up for fc < to — 1. Then by (|3.2[) for k < m — 2, maxct I V^A| < Ck 
for t e [0, q). dm and imply that 

d_ 

9t Jct Jct J ct 

With the above inequality, we obtain 



f {^"'Al^dst <Cim){ f \V"'A\''dst + {l iV^Apdst)^ 

J ct J ct J ct 

lality, we obtain 
(/ |V™A|2dst)5+l<e^*((/" |V™A|2dso)5 +1); 

J C+ -J Cn 
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Then we conclude that for all m = I,-- - ,maxct |V™yl| — ^m- Cq{u) is the smooth limit curve 
of Ct for t < q. This will lead to the contradiction, since we suppose [0,q) is the maximal time 
interval for the existence oi Ct- □ 

Now let /i = ntrj' following lemma tells us ^ can be viewed as the gradient function v in 
r |EH89) ). They have the same form of evolution equation. 

Lemma 3.2. Let M be a closed manifold, D, be a parallel 1-form in M , s be the arc-length 
parameter ofCt- If the curve shortening flow Ct exists for t G [0,(7) and Cq satisfies fl(T) > 0, then 
fi satisfies 

(3.3) (I-A'^'V^-I^IV-Zm-^iI^P; 
Proof. 



[Tf^dt ' 



□ 

Lemma 3.3. Use the assumption in lemma [KM Let Cq — maXxeAiR- If the curve shortening 
floiu Ct exists for t G [0, q), then 

(3.4) (| - A'^Om V < -2/.-i|^^^ + 2Co|^| V; 
Proof. 

and together with the identity 
yields 

(3.5) d - A'^OI^I V < -2|VA| V - Qf^\M? - 2^^ + 2i?(T,i?,r,i?)^2 

at as OS OS 

and 

|2 a, ,2 ni 412 a, ,2 



^ - AC')|A|2 = -2|VA|2 + + 2i?(T, #, T, i?); 



(|-AC0M^ = -2|A|V-6|gp 



-2^T— .^< ^^-4Ai|A| 



ds ds ds ds ds 9, 



s 

(3.6) < _^,-2 V ^ 4||M|2|^|2 _ 4^|^|M|f 

OS OS OS OS OS 

<-2,-^^ + 2|M|2,2^6|5,. , 
OS as as as 

Here we use the fact ^ < \V A\. For Af is closed, \H\^ = \A\^ , \R{T, H ,T, II)\ < Co\A\^ . By 
p.Sp and p.6p . we obtain 

(3.7) (| - A'^OI^IV^ < -2a.-i|^^^ + 2Co|^| V; 

□ 
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Corollary 2. Under the assumption of Theorem \ U.1\ Then maxctl^l — ^ilT^o) when t < q. 
Here C{q,Co) is a constant only dependent on q and Cq. 

Proof. Because M is closed, for any unit vector field S in TM, \i^{S)\ < Cm- 

Since \^Q{H)\ is continuous for € 5^ x [0, g), the maximal principle of parabolic equation in 
([XT)) gives , 

d 

(3.8) 1^'^^^ - 2Comaxc. |^| V^; 

From /i > -^T^ and p.8p . we conclude the corollary. □ 

The proof of Theorem 1. Now we prepare everything which we need to prove Theorem lO.il From 
corollary [21 for all finite time interval [0,g), maxcj |^| is always uniformly bounded (depending on 
q). If Ct exists only for a finite interval, Lemma l3. II will lead to a contraction. Then Theorem 1 is 
followed. 

4. The Convergence 



This section is devoted to prove Theorem 10.21 Recall Theorem 10.21 concludes that the limit of 
maxct\y^ A\ is for all m = 0, 1, • • • if the curve shortening flow Ct in the closed manifold M 
exists for all t S [0, oo) and the length of Ct converges to a positive number. The idea of its proof 
originated from Section 7 in ( |Gra89) ). We suppose the length of Ct satisfies /ct ^ ^oo > 0. First, 
let's prove a technique lemma. 

Lemma 4.1. For all m> 0, 

(4.1) |V™ylp<a J \V"'A\^dst + 2 J iV^+^Apdst; 
Here a = + 2. For m > 1, 

(4.2) {J |V"A|2dst)'< J \V"'-^A\^dst j \V"'+^A\^dst\ 
Proof. For jV^Ap, 

iV^Ap < mzncjV^Apdst + / ^\V^A\''dst; 

JCt OS 

<T- [ \y"'A\^dst + 2 [ < V"^, V™+M > dst] 
kt J Jct 

<(7^ + 2) / \V"'A\^dst + 2 f \W"'+^A\^dst; 
kt J Jct 

Integrating / |V"*Apdsf by parts, 

J IV^Apdst = y" ^ < V™-M, V^A >dst- J < V"'-^A,V"'+^A > dst; 
The first term is 0. Using the Cauchy inequality we obtain (|4.2p . □ 
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The proof of Theorem \0.2\ Our strategy is to prove for all m = 0, 1, • • • , J A\'^dst converges to 
as t — > oo. First, we prove m = case, then argue by induction. 

From the defintion of the curve shortening flow, we get the following two facts. 

(4.3) 4 / dst^- I im'dst = - / \A\^dst; 



/ dst ^ - 


1 = - / 


ICt J 




t 


t 



dt 

(4.4) - l^^^ = J A. J dstdt^-J J \ A\^ dstdt <oo; 



There exists a measure zero set E in [0, oo). Let En — [n, oo) n E'^. We get 

(4.5) maxt^E„ / \A\'^dst^O as n — >• oo; 

Jct 

From (j2.3p . we differentiate /^^^ j^pdst with respect to t. 

^ \A\^dst<-2 j \VA\^dst + 2 \A\-'dst + Da j \A\^dsu 

-2 j |VApdsf + (a y |Apdsf+2 y \VA\'^dst) J \A\^dst 
Do J \A\^dst; 

<-(2-2y \A\^dst)J^ \VA\^dst+ J \A\^dst{Do + a J \A\^dst)] 

Here we use (j4.ip . Let n be a sufficiently large number. We can assume (2 — 2 J^^ \A\'^dst) > 1 and 
Do + a J \ A\'^dst < Do + 1 foT all t e En- Furthermore, 



d_ 
di 



< 

(4.6) 



(4.7) 



^ / \A\^dst < {Do + 1) / \A\'dst 

JCt JCt 



For both sides of (|4.7p are continuous with respect to t, (|4.7p holds up for t e [n,oo). /^^^ jA^dst 
increases at most with exponential growth when n is sufficiently large. By (j4.5p . we obtain 
limt^oo / \A\^dst = 0. 

We notice that M is closed, all |V™i?| < Cm for allm. Together with p. 41) . we have the following 
inequality for to = 1, • • • . 

(4.8) — |V™Ap < A'^'lV^Ap - 2|V™+M|2 

i+j-\-k—m 31^^ 

Here all constants in this proof are only depending on Cm ■ 

When TO > 1, we argue by the induction on m. Suppose lim J^^ jV'^ylpdsf — for fc < to — 1. 

Then by (gH), for fc < to - 2, lim TOaxcjV'Ap = 0. 
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For any e > 0, let be a positive number sufficiently large, such that for i > to a-nd fc < m — 2, 
/ct |V'"~^^pdst < e and maxctlV^'Ap < e. By (I4.8p . we obtain the following estimates. 

^|V"^P < A'^'|V"M|2 - 2|V'"+iA|2 + a„(e)(|V"Ap 
at 

+ |V™A||V™-iA|) +L'„,|V"yl|; 
^/ \V"'A\^dst<^2 [ |V™+M|2dst + C™(e)( / IVMpds* 

+ / |V"A||V™-iA|dsO + An / |V™A|dst; 

Here C'm(e) goes to as e converges to 0. 

Let C > 3 be a constant determined later. If /^^ |V™Apdst > C J^^ |V™"Mprfsj, the following 
estimates are given by (|4.2p . 



(4.9) 



As a result, 



(4.10) 



JCt ^ JCt 

Jct V JCt 

/ \V-A\ds,<^{f |V"+Mpds,)^; 



The t-derivative of \W"''A\'^dst can be written as followed: 



dt 

(4.11) 



1^ |V"Mpcis,<-(2-a.(e)(^ + l))^ |V'»+Mpds, 

%(/ iv^+Mpd.,)^; 

Let C be sufficiently large such that (2 - C'„i(e)(^^ + i)) > 1 and ^ < 2e. (14. lip becomes 
(4.12) J I \V"'A\^dst<^ f \V^^+^A\^dst)H f |V™+M|2dsO^-2e); 

JCt <J Ct Ct 

Now we can conclude Theorem 10.21 as follows. 
(1) If 4 iV^Apdst > |V"-iA|2dst, 

(a) If (/^^ |V"'A|2dst)^ > 3e, we have (/^^ iV^+^Apdst)^ > 3e. From (|4A2l) . then 
^ /^^ iV^Apdst < -2e2. /^^ iV^Apdst win decrease until 

ICt 

If we can find a to such that 

,112, 



(/ |V"M|^ds,) < (3e)' 

JCt 

that 

(/ |V"M|2dst)^ < 3e; 

"'Ct 

7"A|2dst < (3e)2. 

(b) If (/^^ |V™Ap(tst)^ < 3e, the conclusion of theorem 10.21 is obviously true. 



then for all t > to, /^^ iV^Apds* < (Se)^. 
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(2) If /^^ |V"A|2dst < CJ^^ \\7"'-^A\^dst, we have /^^ \\7"^A\^dst < Ce. 

In a word, finally J^^ \W™A\'^dst converges to when t — ^ oo. By (|4.ip . maxcjV™j4| converges 
to for all m as i goes to oo. 
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